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Abstract
For some ,nite set A of points in Rn and some integer k ∈N we consider the problem of




subsets of A of cardinality
k given up to isometry. We prove the best possible result for n= 1 and settle an open problem
for n= 2 mentioned by Krasikov and Roditty in (Ars Combin. 25B (1988) 211–219).
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1. Introduction





subsets of A of cardinality k given up to isometry.
In this paper we consider the problem of reconstructing the set A up to isometry
from its k-deck. This kind of combinatorial reconstruction problems has its roots in
two well known and open conjectures about ,nite graphs, the reconstruction conjecture
due to Kelly [6,7] and Ulam [17] and the edge reconstruction conjecture due to Harary
[4] (see also [2]).
In [1] Alon, Caro, Krasikov and Roditty and in [8] Krasikov and Roditty considered
the problem of reconstructing ,nite sets of points up to isometry. Using a result of
Erdo˝s [3] they proved for instance in [1] that every set A of points in the plane with
|A|¿8 is determined up to isometry by its (|A| − 1)-deck. In [8] Krasikov and Roditty
mention the open problem whether a set of four points in the plane is determined up
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to isometry by its 3-deck. Similar reconstruction problems for ,nite or in,nite sets of
points under the action of subgroups of the group of all isometries have been considered
in [5,9–16].
In Section 2 we prove a best-possible result for the one-dimensional case and in
Section 3 we solve the problem mentioned in [8]. For some set A of points in Rn and
some k∈N, the multiplicity of the isometry type of some set S of cardinality k in the
k-deck of A is denoted by dA; k(S), i.e. dA; k(S) is the number of diGerent subsets of A
that are isometric to S.
2. The line
Note that the group of all isometries of R is generated by the translations and the
reHection that maps x to −x.
Theorem 1. Every 3nite set A ⊆ R with |A|¿3 is determined up to isometry by its
3-deck.
Proof. Let x; y∈R with x =y. Since dA;2({x; y})= 1=(|A|−2)
∑
z∈R\{x;y} dA;3({x; y; z}),
the 3-deck of A determines the 2-deck of A. If a := max{a˜|dA;2({−a˜; a˜})¿0}, then
2a= max(A)−min(A) and we can assume that max(A)= −min(A)= a.
Let −a¡x1¡x2¡ · · ·¡xn¡0 be exactly those x∈(−a; 0) such that dA;3({−a; x; a})
= 1. Since dA;3({−a; x; a})= |A∩{−x; x}| for all x∈R\{−a; a}, we have that the 3-
deck of A determines |A∩{−x; x}| for all x∈R\{±x1;±x2; : : : ;±xn}. Hence the 3-deck
of A determines A\{±x1;±x2; : : : ;±xn}. We may assume that x1∈A and −x1 =∈A.
Let 26i6n be maximum such that the 3-deck of A determines Ai =A\[xi;−xi].
Since the 3-deck determines A2 =A\[x2;−x2], the index i is well-de,ned.
If dA;3({x1; xi; a})=dAi;3({x1; xi; a}), then we obtain that xi =∈A and −xi∈A and if
dA;3({x1; xi; a})¿dAi;3({x1; xi; a}), then we obtain that xi∈A and −xi =∈A. (See Fig. 1
where Ai is indicated by a dashbox.)
If i¡n, then the 3-deck of A determines A\[xi+1;−xi+1] which contradicts the choice
of i and if i= n, then the 3-deck determines A which completes the proof.
The following example which is essentially due to RadcliGe and Scott [10] shows
that Theorem 1 is best possible in the sense that the 2-deck does not allow to re-
construct every set of points up to isometry. Let A1 and A2 be two ,nite sets of real
numbers such that A=A1 +A2 = {a1 + a2|a1∈A1 and a2∈A2} and B=A1−A2 = {a1−
Fig. 1.
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Fig. 2.
a2|a1∈A1 and a2∈A2} both have |A1| · |A2| elements, i.e. each representation of an
element of A and B as a sum or a diGerence of one element of A1 and one element
of A2 is unique. Now, for each x; y∈R with x =y we have
dA;2({x; y})
= |{(x1; x2; x′1; x′2)|x1; x′1∈A1; x2; x′2∈A2 and (x1 + x2)− (x′1 + x′2)=y − x}|
= |{(x1; x2; x′1; x′2)|x1; x′1∈A1; x2; x′2∈A2 and (x1 − x′2)− (x′1 − x2)=y − x}|
=dB;2({x; y}):
Thus A and B have the same 2-deck. Obviously, A and B are not isometric for most
choices of A1 and A2. One such choice is for instance A1 = {0; 10; 30} and A2 = {0; 1; 3}.
We obtain (see Fig. 2)
A=A1 + A2 = {0; 1; 3; 10; 11; 13; 30; 31; 33} and
B=A1 − A2 = {0;−1;−3; 10; 9; 7; 30; 29; 27}:
3. The plane
In order to denote a multiset A we write A= {a1; a2; : : : ; ak}m where several of the
ai’s may be equal and the multiplicity of some a in A is just |{i | 16i6k; a= ai}|.
The next theorem yields a solution for the problem mentioned in [8], i.e. ‘...whether
a quadrilateral is reconstructible from its four triangles...’.
Theorem 2. Every set of 4 points in the plane is determined up to isometry by its
3-deck.
Proof. Let A be a set of four points in the plane. The 3-deck of A determines the
multiset T of four triangles 1; 2; 3 and 4 that arise from A by deleting one
point of A. In order to denote some triangle  with edge lengths x; y and z we
write = xyz. Since all sets are considered up to isometry, we identify = xyz with
′= x′y′z′ if {x; y; z}m= {x′; y′; z′}m. The area of a triangle  is denoted by ().
Since each line segment between two points of A appears as an edge in exactly two
triangles in T, the 3-deck of A also determines the multiset D of all 6 pairwise
distances of points in A.
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Claim 1. Let ;′∈T. Let the set A arise by identifying edges of length x in 
and ′ such that both triangles lie on the same side (di8erent sides) of the identi3ed
edges. Then A is determined up to isometry.
Proof. We consider the case that  and ′ lie on the same side of the identi,ed
edges. The case that they lie on diGerent sides can be treated similarly and is left to
the reader.
Let = xyz and ′= xy′z′. Let P and Q be the vertices of  and ′ that do not
lie on the identi,ed edges, respectively. Up to isometry there are two possibilities for
the identi,cation of edges of length x which are displayed in Fig. 3(a) and (b).
If either y= z or y′= z′, then the two sets in Fig. 3 are isometric. Hence we assume
that y = z and y′ = z′. This implies that the distance  between P and Q is diGerent for
the two sets in Fig. 3. Therefore, we can diGerentiate between these two possibilities
by considering ; ′ and D= {x; y; z; y′; z′; }m.
Case 1: The equation
1 = 2 + 3 + 4 (1)
has a solution such that
{1; 2; 3; 4}m= {(1); (2); (3); (4)}m: (2)
We assume that (1)= (2) + (3) + (4). Let 1 = xyz with x¿y¿z. The
unique point P∈A that is no vertex of 1 lies inside of 1.
First, we assume that x=y= z. The set A arises by identifying edges of length x
in 1 and any triangle 2∈T diGerent from 1 such that both triangles lie on the
same side of the identi,ed edges. By Claim 1, the set A is determined up to isometry.
Next, we assume that x¿y¿z. It is easy to see that the distance between P and
any vertex of 1 is smaller than x. This implies that there is a unique triangle, say
2, diGerent from 1 that has an edge of length x. The set A arises by identifying
edges of length x in 1 and 2 such that both triangles lie on the same side of the
identi,ed edges. By Claim 1, the set A is determined up to isometry.
Finally, we assume that x=y¿z. There is a unique triangle, say 2, diGerent from
1 that has no edge of length x. The set A arises by identifying edges of length z in
Fig. 3.
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1 and 2 such that both triangles lie on the same side of the identi,ed edges. By
Claim 1, the set A is determined up to isometry. This completes the proof for Case 1.
We can now assume that Eq. (1) has no solution such that (2) holds. This implies
that the convex hull of A is a quadrilateral and ()¿0 for all ∈T. Hence the
equation
1 + 2 = 3 + 4 (3)
has a solution such that (2) holds. We assume that (1) + (2)= (3) + (4),
(1)¿(2), (3)¿(4) and (1)− (2)¿(3)− (4).
Case 2: (1)¿(2) and (3)¿(4).
If 1 and 3 have exactly one common edge length, say x, then the set A arises
by identifying edges of length x in 1 and 3 such that both triangles lie on the
same side of the identi,ed edges. By Claim 1, the set A is determined up to isometry.
Hence 1 and 3 have at least two common edge lengths. By symmetry, we can
assume that 1 = xyz, 3 = xyz′; 2 = abc and 4 = abc′ for x =y and a = b.
If the multiplicity of x (or y) in {a; b; c; a; b; c′}m is less than in {x; y; z; x; y; z′}m,
then the set A arises by identifying edges of length x (or y) in 1 and 3 such
that both triangles lie on the same side of the identi,ed edges. By Claim 1, the set
A is determined up to isometry. Hence we assume that the multiplicities of x and
y in {a; b; c; a; b; c′}m are at least two. This implies that without loss of generality
1 = xyz, 3 = xyz′; 2 = xyu and 4 = xyu′. (Note that if x =∈{a; b} (y =∈{a; b}),
then x= c= c′ (y= c= c′).)
Since (1) + (2)= (3) + (4), (1)¿(2) and (3)¿(4), we
have that {z; z′}∩{u; u′}= ∅ and the set A arises by identifying edges of length z= z′
in 1 and 3 such that both triangles lie on the same side of the identi,ed edges. By
Claim 1, the set A is determined up to isometry.
Case 3: (1)¿(2) and (3)= (4).
If 1 and 2 have exactly one common edge length, say x, then the set A arises
by identifying edges of length x in 1 and 2 such that both triangles lie on diGerent
sides of the identi,ed edges. By Claim 1, the set A is determined up to isometry.
Hence 1 and 2 have at least two common edge lengths. By symmetry, we can
assume that 1 = xyz; 2 = xyz′; 3 = abc and 4 = abc′ for x =y and a = b. The
same argument as in Case 2 implies that we can assume without loss of generality that
1 = xyz, 2 = xyz′; 3 = xyu; 4 = xyu′.
If the multiplicity of z (or z′) in {x; y; u; x; y; u′}m is less than in {x; y; z; x; y; z′}m, then
the set A arises by identifying edges of length z (or z′) in 1 and 2 such that both
triangles lie on diGerent sides of the identi,ed edges. By Claim 1, the set A is deter-
mined up to isometry. Hence we can assume 1 = xyz; 2 = xyz′, 3 = xyz; 4 =
xyz′ which implies the contradiction (1)= (3)= (4)= (2):
Case 4: (1)= (2) and (3)= (4).
This implies that all triangles in T have the same area. Therefore, the convex hull
of A is a parallelogram. The length d= max(D) is the length of the longer diagonal
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of this parallelogram. If the multiplicity of d in D is 1, then A is determined up to
isometry by one of the triangles in T that has an edge of length d. If the multiplicity
of d in D is more than 1, then the convex hull of A is a square of area 2(1) and
A is determined up to isometry. This completes the proof.
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